ABSTRACT. In this paper we present the concept of total κ-variation in the sense of Hardy-Vitali-Korenblum for a real function defined in the rectangle I b a ⊂ R 2 . We show that the space κBV (I b a , R) of real functions of two variables with finite total κ-variation is a Banach space endowed with the norm ||f || κ = |f (a)| + κT V (f, I b a ). Also, we characterize the Nemytskij composition operator H that maps the space of functions of two real variables of bounded κ-variation κBV (I b a , R) into another space of a similar type and is uniformly bounded (or Lipschitzian or uniformly continuous).
Introduction
The function of bounded variation was discovered by J o r d a n in 1881 while working out the proof of Dirichlet concerning the convergence of Fourier Series. This concept has been generalized in many ways since then. The desire to extend this theorem to larger classes of functions has provided much of the impetus for the study of generalizations of bounded variation. Following this idea, in 1975, B. K o r e m b l u n distorted the measurement of intervals in the domain instead of the range space, as there had been the common practice, to arrive at the concept of κ-variation.
In 1982 J. M a t k o w s k i (see [6] ) showed that we cannot apply the Banach--Caccioppoli contraction mapping principle in the space Lip 
where g 1 , g 2 ∈ Lip [a, b] . The representation (1) is known as Matkowski condition.
There exists a vast literature on the problem treated in this article, mainly in spaces of bounded variation (for instance [3] , [7] , [10] , [11] ). In 1984, J. M a tk o w s k i and J. M iś (see [8] ) showed that representation (1) holds in the space of functions of bounded variation BV [a, b] substituting the function h by its left regularization h
where (2) is a weak version of (1) and is called the weak Matkowski condition.
In the present paper we introduce the notion of a function of bounded κ-variation in the sense of Hardy-Vitali-Korenblum, and we show that the space κBV I a , R and is uniformly bounded, then the one-sided regularization of the generator is affine in the third variable, that is, the composition operator H satisfies the weak Matkowski condition.
Mappings of bounded
and η = {s j } 
In the sequel, the symbol I 
in the literature now referred to as the Gevrey case. The set of all κ-functions will be denoted by K.
Remark 1.2º
Every κ-function κ is subadditive. Then, for all partitions
For each function f ∈ R I b a , the following notations are usually used: 
Total bounded κ-variation
where the supremum is taken over all the partitions
where the supremum is taken over all the partitions η = (s j )
where the supremum is taken over all the partitions (ξ,
(vi) We will denote the set of all functions f ∈ R In the following result, we establish some relations between these families of functions. Without loss of generality, we assume that f (a 1 , a 2 ) = 0 for all ≥ 1. Therefore,
For the partitions ξ :
, respectively, by (4) and the definition of κ-variation, we get
Therefore, we obtain
Making use of (5), the sequence f (t, s) ≥1 , (t, s) ∈ I b a is Cauchy in R, so, by completeness of R, there exists a function f :
Since (f ) ≥1 is a Cauchy sequence in κBV (I b a ), · κ and by (6), we get
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The regularization functions
In this section, we present the concept of regularizations of real functions of two variables.
We denote the subspace of κBV I b a , R of those functions f which are left-left continuous on (a 1 
P r o o f. From the first line of the definition of the left-left regularization, it fo-
llows directly that f − is left-left continuous on (a 1 , b 1 ] × (a 2 , b 2 ]. We prove that κT V f − , I b a < ∞. In fact, for every ε > 0, let a 1 = t 0 < t 1 < · · · < t m = b 1 and a 2 = s 0 < s 1 < · · · < s n = b 2 be partition of [a 1 ,κV [a 1 ,b 1 ] f − (·, a 2 ) ≤ κV [a 1 ,b 1 ] f (·, a 2 ) + , κV [a 2 ,b 2 ] f − (a 1 , ·) ≤ κV [a 2 ,b 2 ] f (a 1 , ·) + , κV I b a (f − ) ≤ κV I b a (f ) + . Therefore, κT V f − , I b a < ∞.
An auxiliary result and its consequences
, m ∈ N, and take an arbitrary finite sequence
For arbitrary numbers y 1 , y 2 ∈ R, y 1 = y 2 , the functions
belong to κ 1 BV I b a , R . From (9), we have
where
the last inequality can be rewritten in the form
COMPOSITION OPERATORS AND THE SPACE OF KORENBLUM
Since m ∈ N is arbitrary, we have
Therefore, 
the above arguments provide the estimate (10). Taking the limit when
, we arrive at equality (11) .
The cases when r 1 = a 1 and r 2 ∈ (a 2 , b 2 ] or r 1 = a 1 and r 2 = a 2 are treated in a similar way. In consequence, equality (11) holds for all (t, s) ∈ I b a , y 1 , y 2 ∈ R, y 1 = y 2 .
To complete the proof of the theorem, we apply a standard argument (adapted) used in M. This shows that g z is an affine Jensen function in R and g z (0) = 0. Let us define the function f (y) = g z (y), y ∈ R. Since g z is an affine Jensen function, for all y 1 , y 2 ∈ R, we get f (y 1 + y 2 ) = f (y 1 ) + f (y 2 ).
In other words, f is an additive function. Then, the continuity of h − (z, ·) implies the continuity of f. Consequently, since f is additive, f has to be linear; i.e., there is a function a 1 : I 
